Multipliers that are Fredholm operators on certain commutative semisimple Banach algebras may be characterized by means of a quotient algebra of multipliers. Some spectral properties of multipliers of these algebras are considered
Introduction
Although the general theory of multipliers for abstract Banach algebras has been widely developed by several authors (see [12] for an exhaustive treatment of the subject), it seems that the various aspects of the spectral theory of these operators have been rarely studied.
In a recent paper [1] we have investigated some general spectral properties of a multiplier defined on a commutative semisimple Banach algebra. These properties are similar to those of a normal operator defined on a complex Hilbert space.
The aim of this note is to investigate some aspects concerning the Fredholm theory of multipliers. The main result states that the multipliers of certain commutative semisimple Banach algebras may be characterized by replacing the so-called Calkin algebra by a quotient algebra of multipliers. Moreover, some spectral properties of a multiplier and some characterizations of Riesz multipliers are given for commutative semisimple Banach algebras that have a dense socle or, more generally, a discrete maximal ideal space. In the last part of the work we consider some applications to group algebras and other algebras.
For the basic details we refer to the book of Larsen [ 12] and to the monograph [5] for the general theory of multipliers and the abstract Fredholm theory, respectively. All the algebras here considered will be over the complex field.
Multipliers and Fredholm theory
We recall that if A is any Banach algebra with or without a unit then a mapping T : A -> A is said to be a multiplier if (Tx)y = x(Ty) holds for each x, y e A . In the sequel we shall always suppose that A is a commutative semisimple Banach algebra. Then the ideal soc A , the socle of A , does exist [5] , and denoting by EA the set of all minimal idempotents of A (i.e., eAe = Ce for all e e EA), we have soc,4 = < ^2 e^A : ei< e EA, n e N > = spanj^}.
Let Hence it is possible to develop an abstract Fredholm theory of Af(^4) relative to KM[A) [5, Chapter F] .
Let <&m(A) denote the class of all Fredholm elements of Af(^) relative to Km(A) , i.e., those elements of Af (A) invertible modulo Km{A) , and let $>{A) denote the set of all Fredholm operators, i.e., the elements of L(A) invertible modulo K(A). It is well known, denoting by a(T) the dimension of ker(T), the kernel of T, and by P(T) the codimension of T(A), the range of T(A), that T e ®(A) if and only if a(T) and /?(/") are both finite. Trivially, we always have Q>m{A) C O(^) n M(A). This inclusion may be proper, as the following example shows. Now, let us denote by Tg the multiplication operator by g(z) = z , z e D . Clearly Tg is injective. It is easy to check that the range of Tg is the maximal ideal {h e sf{D) : h(0) = 0}, and thus its codimension is 1. Hence Tg e Q>{A) n M(A) while Tg £ Q>m{A) . Moreover, we note that the index of Tg is equal to -1 .
Question. Under what conditions on A do we have Om(A) = 0>{A) n Af (A) ?
The above question has a special interest since the Calkin algebra L(A)/K(A) is not commutative; however, M(A) and Km (A) are commutative. Moreover, as we shall see in the sequel, in several applications there are concrete models of M(A) and KM(A), so in this case, it is easier to characterize all Fredholm multipliers.
The first part of the following theorem is a particular case of a result given in [4] . The terminology that a Banach algebra is regular is the classical one given in [12] . (ii) See Corollary 3(ii) of [4] .
To prove the last assertion, we recall the well-known fact that any C* -algebra is regular. Hence it suffices to prove that M(A) is a C*-algebra.
Let T*(x) = (Tx*)*. Then it follows easily that T* e M(A). Moreover, the mapping T -* T* is an involution. Let U denote the closed unit ball of A. U is selfadjoint, thus II ri = sup ||r*(jc*)|| = sup 11(7" jc)*|| = sup ||7x|| = urn It is well known that <P(A) = <&+{A) n <P-(4) [8] . We recall that a bounded operator T on a Banach space is said to be a Riesz operator if XI -T is a Fredholm operator for each X ^ 0.
Lemma. Le/ A be a commutative semisimple Banach algebra and T e Af (4).
Then soc A C 7(4) © ker(T). Proof. Suppose x e 7X4) n ker(T). We have x = Ty for some y e A and hence jc2 = x(7» = (7x)}; = 0.
Since A is commutative and semisimple, it follows that x = 0. Now assume that e e EA . The element e is an eigenvector of T, in fact, denoting by {wo} the support of eA , we have Te = (pT(m §)e, thus e e T(A)®ker(T). Therefore soc A C 7X4)©ker(r). Clearly Te is idempotent and it projects A onto the finite-dimensional ideal eA.
It is easy to check that T(A) C kerTe. We want to show that actually T{A) -\&xTe. To prove the opposite inclusion first we observe that e£ has a one point support for each k -1, ... , n . Let us denote by {m^} the support of e£ for each k-l,...,n.Ifxe ker Te then ex = 0 and hence xA{mu) = 0 for each m^ . So if x ^ 0 then x ^ span{^[, ... , en) and, since spanj/i^} is norm dense in A , we have that x e span{x : x € 7^\A} = T(4).
Next we show that ker T = eA . By the lemma we have ker T n T(A) = {0} and this trivially implies ker T c eA . To prove the opposite inclusion, first we observe that the equality T(A) -ker Te implies e(Tx) = 0 for each x e A , so if y = ex e eA we have Ty = T(ex) = e(Tx) = 0 and therefore e,4 C ker T. Then kerT = eA and hence, since eA is finite dimensional, we have a(T) < oo.
To prove the equality <f>{A) n Af(4) = <I>a/(4) , we need only to prove the inclusion <b{A) n M{A) C <Pa/(4) . Assume that T € <P(yl)and let Te be as above. Since Te is finite dimensional, we have that T + Te e 0(A). We want to prove that T + Te is invertible in L(A). In fact, as shown above, ind(T + Te) = 0, so it suffices to prove that ker(T + Te) -{0} . Let us suppose {T + Te)x = 0. Then Tx = -ex e eA = ker(T). By the lemma then, we have 0 = Tx = -ex and, therefore, x = ex = 0. Hence T + Te is invertible in M(A) [12] and that clearly implies T e <t>M{A). U Let com(T), WM(T), and Pm(T) denote the essential spectrum, the Weyl spectrum, and the Riesz spectrum of T relative to the algebra Af (A) and to the ideal KM(A), respectively (see [5] for definitions). By co(T), W(T), and fi{T), we denote the corresponding sets of the operator T relative to L(A) and K(A). Generally we have coM{T) C WM{T) C fiM(T) and co{T) C W{T) C B(T). Let Sl(T) denote the set Q(T) = {X 6 C : X is an isolated point of a(T) and a(XI -T) = oo}. 
(T). D
In the sequel we shall denote by op(T), aT{T), ac(T), cr^p(T), the point spectrum, the residual spectrum, the continuous spectrum, and the approximate-point spectrum of T, respectively. thus ^(7") = <t(7"). D
We conclude by giving some characterizations of a Riesz multiplier on a Banach algebra that has discrete A(A). Some of these characterizations have been obtained in [1] for a class of Banach algebras, which includes L\(G), G compact and abelian. First we recall that a bounded operator on a Banach space is said to be meromorphic if its nonzero spectral points are all poles of the resolvent R(X, T) = (XI -T)~x .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The equivalence (i) «=> (iv) follows by using exactly the same arguments of the proof of Theorem 10 of [1] (where only the properties that A(A) is discrete and that op(T) = <pj(A(A)) have been used). □ 3. Some applications 1. Any semisimple annihilator Banach algebra has dense socle (see [6, §32, Corollary 6] ) and, in particular, the dual algebras introduced by Kaplansky [11] , (see also [6] ), also have this property. Examples of commutative semisimple dual Banach algebras are LP(G), G a compact abelian group, 1 < p < oo, or C(G) the algebra of all continuous functions on G with convolution for multiplication [11, Theorem 15] . Thus if 7^ is a convolution operator on LP(G), defined by T^f) = fi * /, / £ LP(G), and fi £ M(G), the results stated above hold.
Let A -Li(G), G compact and abelian. Then M(A) = M(G) and KM(A) = L\(G) (see [4] ). Hence if ft £ M(G), the convolution operator T^ is a Fredholm operator if and only if there exists a v £ M(G) and a <p £ L\(G) such that n* v = do -<p , where do is the Dirac measure concentrated at the identity. Observe that by Remark 3 we can also choose q> to be a trigonometric polynomial. This result was obtained in a more general situation (the group G not necessarily abelian) in [5, Chapter A] . A similar result, for a locally compact abelian group, was founded in [4] by replacing Af (C7) by the algebra {Tf:f£Ll(G)}.
2. Let A be a commutative Banach algebra with an orthogonal basis {e^} [9] . Clearly EA = {e^ '■ k £ N}, and thus A has dense socle. Examples of these algebras are lp , I < p < oo, Co , all with respect to pointwise operations, and other algebras [9] . 3. Let A verify the assumption of Theorem 1. Moreover, let us suppose that A(A) contains no isolated points. Then Km(A) = {0} [10] . Thus T £ M(A) is Fredholm if and only if T is invertible. In particular, let A = Cq(X) , X any locally compact Hausdorff space that contains no isolated points. Then M(A) = Cf,(X), the algebra of all complex bounded continuous functions, and any multiplier is a multiplication operator Tf for some / e Cj,(X). Then Tf is a Fredholm operator if and only if / is bounded away from 0.
